
Ac
ad
em
izz

BANGLADESH ARMY INTERNATIONAL UNIVERSITY
OF SCIENCE AND TECHNOLOGY (BAIUST), CUMILLA

Mid Term Examination, Spring 2024
Department of Computer Science and Engineering (CSE)

Level-1, Term-1

Course Code: MATH 111 Full Marks: 150
Course Title: MATH-1 (Differential,Integral Calculus and Matrix)
Credit Hour: 03 Time: 2 hr

ANSWER SHEET

Examiner’s Note: Answer any three (03) of the following four (04) questions
including Q.No.-1.
Student’s Note: All four questions are answered below for reference and study
purposes.

Solution to Part-A, Question 1

1. a. Obtain the integral value of
∫ t

0 tan
−1 x dx (15 Marks)

We use integration by parts,
∫
u dv = uv −

∫
v du. Let u = tan−1 x and dv = dx. Then,

du = 1
1+x2dx and v = x.

∫ t

0

tan−1 x dx =
[
x tan−1 x

]t
0
−

∫ t

0

x · 1

1 + x2
dx

=
(
t tan−1 t− 0 · tan−1 0

)
−
∫ t

0

x

1 + x2
dx

= t tan−1 t−
∫ t

0

x

1 + x2
dx

For the remaining integral,
∫

x
1+x2 dx, we use substitution. Let w = 1 + x2, so dw =

2x dx, which means x dx = 1
2
dw.
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∫ t

0

x

1 + x2
dx =

1

2

∫ x=t

x=0

1

w
dw

=
1

2

[
ln |1 + x2|

]t
0

=
1

2

(
ln(1 + t2)− ln(1 + 02)

)
=

1

2

(
ln(1 + t2)− ln(1)

)
=

1

2
ln(1 + t2)

Substituting this back into the main equation:∫ t

0

tan−1 x dx = t tan−1 t− 1

2
ln(1 + t2)

1. b. Show that A+B = A + B where A =

[
1 1 + i

2− 3i i

]
and B =[

2− i i

1 + 5i 3

]
(05 Marks)

Step 1: Calculate A+B

A+B =

[
1 1 + i

2− 3i i

]
+

[
2− i i
1 + 5i 3

]
=

[
1 + (2− i) (1 + i) + i

(2− 3i) + (1 + 5i) i+ 3

]
=

[
3− i 1 + 2i
3 + 2i 3 + i

]

Step 2: Calculate A+B

The conjugate of a matrix is found by taking the conjugate of each element.

A+B =

[
3− i 1 + 2i
3 + 2i 3 + i

]
=

[
3 + i 1− 2i
3− 2i 3− i

]

Step 3: Calculate A and B

A =

[
1 1 + i

2− 3i i

]
=

[
1 1− i

2 + 3i −i

]
B =

[
2− i i
1 + 5i 3

]
=

[
2 + i −i
1− 5i 3

]
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Step 4: Calculate A+B

A+B =

[
1 1− i

2 + 3i −i

]
+

[
2 + i −i
1− 5i 3

]
=

[
1 + (2 + i) (1− i) + (−i)

(2 + 3i) + (1− 5i) −i+ 3

]
=

[
3 + i 1− 2i
3− 2i 3− i

]

Conclusion

SinceA+B =

[
3 + i 1− 2i
3− 2i 3− i

]
andA+B =

[
3 + i 1− 2i
3− 2i 3− i

]
, we have shown thatA+B =

A+B.

1. c. Find the symmetric and skew-symmetric part of A =

1 2 4
6 8 1
3 5 7


(10 Marks)
Any square matrix A can be uniquely expressed as the sum of a symmetric matrix P
and a skew-symmetric matrix Q, where:

A = P +Q

P =
1

2
(A+ AT ) (Symmetric Part)

Q =
1

2
(A− AT ) (Skew-Symmetric Part)

Step 1: Find the transpose of A

AT =

1 6 3
2 8 5
4 1 7


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Step 2: Find the Symmetric Part, P

A+ AT =

1 2 4
6 8 1
3 5 7

+

1 6 3
2 8 5
4 1 7


=

1 + 1 2 + 6 4 + 3
6 + 2 8 + 8 1 + 5
3 + 4 5 + 1 7 + 7


=

2 8 7
8 16 6
7 6 14



P =
1

2
(A+ AT ) =

1

2

2 8 7
8 16 6
7 6 14

 =

 1 4 7/2
4 8 3
7/2 3 7


Step 3: Find the Skew-Symmetric Part, Q

A− AT =

1 2 4
6 8 1
3 5 7

−

1 6 3
2 8 5
4 1 7


=

1− 1 2− 6 4− 3
6− 2 8− 8 1− 5
3− 4 5− 1 7− 7


=

 0 −4 1
4 0 −4
−1 4 0



Q =
1

2
(A− AT ) =

1

2

 0 −4 1
4 0 −4
−1 4 0

 =

 0 −2 1/2
2 0 −2

−1/2 2 0


Conclusion

The symmetric part is:  1 4 7/2
4 8 3
7/2 3 7


The skew-symmetric part is:  0 −2 1/2

2 0 −2
−1/2 2 0


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Solution to Part-A, Question 2

2. a. Consider the area in the first quadrant of the ellipse x2

a2 +
y2

b2 = 1
between the major and minor axes. Sketch the area. (15 Marks)
i. Determine the boundaries (05 Marks)

The equation of the ellipse is x2

a2
+ y2

b2
= 1. The area is in the **first quadrant** (x ≥ 0

and y ≥ 0). The boundaries are the points where the ellipse intersects the coordinate
axes:

• On the x-axis (y = 0): x2

a2
= 1 =⇒ x = a (in the first quadrant).

• On the y-axis (x = 0): y2

b2
= 1 =⇒ y = b (in the first quadrant).

The area is enclosed by the ellipse, x = 0, x = a, y = 0, and y = b. The integral bound-
aries for x are **x = 0 to x = a**.

ii. Construct the definite integral (05 Marks)

First, solve the ellipse equation for y in the first quadrant:

y2

b2
= 1− x2

a2
=

a2 − x2

a2

y =
b

a

√
a2 − x2

The definite integral for the area (A) in the first quadrant is:

A =

∫ a

0

y dx =

∫ a

0

b

a

√
a2 − x2 dx

iii. Illustrate (05 Marks)

The illustration requires sketching the area defined by the ellipse x2

a2
+ y2

b2
= 1 in the

first quadrant.

Required Sketch:
1. Draw a coordinate system with a positive x-axis and a positive y-axis.

2. Sketch the quarter-ellipse curve connecting the points (a, 0) and (0, b).

3. The area to be illustrated is the region bounded by the x-axis (from x = 0 to x = a),
the y-axis (from y = 0 to y = b), and the elliptical curve.

4. This region, which is the area to be calculated by the integral
∫ a

0
b
a

√
a2 − x2 dx,

should be clearly shaded or cross-hatched.
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Figure 1: Sketch illustrating the area of the ellipse in the first quadrant, bounded by
x = 0, y = 0, and the curve x2

a2
+ y2

b2
= 1.

2. b. Solve the rank of matrix by reducing it to echelon form: (15
Marks)
The revised matrix is:

M =


3 0 1 2
6 1 0 0
12 1 2 4
6 0 2 4
9 0 1 2


We perform row reduction to echelon form:

Step 1: Eliminate entries below the leading entry of R1 (3)

R2 → R2 − 2R1

R3 → R3 − 4R1

R4 → R4 − 2R1

R5 → R5 − 3R1

M ∼


3 0 1 2

6− 2(3) 1− 2(0) 0− 2(1) 0− 2(2)
12− 4(3) 1− 4(0) 2− 4(1) 4− 4(2)
6− 2(3) 0− 2(0) 2− 2(1) 4− 2(2)
9− 3(3) 0− 3(0) 1− 3(1) 2− 3(2)



∼


3 0 1 2
0 1 −2 −4
0 1 −2 −4
0 0 0 0
0 0 −2 −4


Step 2: Eliminate entries below the leading entry of R2 (1)

R3 → R3 −R2

R5 → R5

(Since the entry is already 0)
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M ∼


3 0 1 2
0 1 −2 −4
0 1− 1 −2− (−2) −4− (−4)
0 0 0 0
0 0 −2 −4



∼


3 0 1 2
0 1 −2 −4
0 0 0 0
0 0 0 0
0 0 −2 −4


Step 3: Reorder rows to achieve staircase form and create a third pivot

Swap R3 and R5: R3 ↔ R5

M ∼


3 0 1 2
0 1 −2 −4
0 0 −2 −4
0 0 0 0
0 0 0 0


This matrix is in row echelon form. The leading non-zero entries (pivots) are 3 (inR1),
1 (in R2), and −2 (in R3).

Conclusion

The rank of a matrix is the number of non-zero rows in its row echelon form. Since
there are 3 non-zero rows, the rank of the matrixM is 3.

Rank(M) = 3

Solution to Part-A, Question 3

3. a. Show that Γ(13)Γ(
2
3) =

2√
3
π (15 Marks)

We use the reflection formula for the Gamma function, which is:

Γ(z)Γ(1− z) =
π

sin(πz)

Let z = 1
3
. Then 1− z = 1− 1

3
= 2

3
. Substituting z = 1

3
into the reflection formula:

Γ

(
1

3

)
Γ

(
1− 1

3

)
=

π

sin
(
π · 1

3

)
This is an exclusive content of Academizz. To get access to more resources, subscribe to

Academizz(app.academizz.com).

https://app.academizz.com


Ac
ad
em
izz

Γ

(
1

3

)
Γ

(
2

3

)
=

π

sin
(
π
3

)
We know that sin

(
π
3

)
= sin(60◦) =

√
3
2
. Substituting this value:

Γ

(
1

3

)
Γ

(
2

3

)
=

π
√
3
2

Γ

(
1

3

)
Γ

(
2

3

)
=

2π√
3

Since 2π√
3
= 2√

3
π, the result is shown.

3. b. Obtain the integral value of
∫ log 2

0
ex

1+exdx (07 Marks)
We use the method of substitution to solve the definite integral. Let u = 1 + ex. Then,
the differential du is:

du =
d

dx
(1 + ex) dx = ex dx

Change of Limits:

• When the lower limit x = 0: u = 1 + e0 = 1 + 1 = 2.

• When the upper limit x = log 2: u = 1 + elog 2 = 1 + 2 = 3.

The integral in terms of u becomes:∫ log 2

0

ex

1 + ex
dx =

∫ 3

2

1

u
du

Integration and Evaluation: ∫ 3

2

1

u
du = [ln |u|]32

= ln(3)− ln(2)
Using the logarithm property ln a− ln b = ln

(
a
b

)
:

= ln
(
3

2

)
The integral value is ln

(
3
2

)
.
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3. c. Find the inverse of the matrix with the help of matrix (15
Marks)
The system of linear equations is:

x+ y + z = 6

x− y + z = 2

2x+ y − z = 1

The coefficient matrix A is:

A =

1 1 1
1 −1 1
2 1 −1


We will find the inverse matrix A−1 using the formula A−1 = 1

det(A)
adj(A).

Step 1: Calculate the Determinant of A, det(A)

We expand along the first row:

det(A) = 1

∣∣∣∣−1 1
1 −1

∣∣∣∣− 1

∣∣∣∣1 1
2 −1

∣∣∣∣+ 1

∣∣∣∣1 −1
2 1

∣∣∣∣
= 1((−1)(−1)− (1)(1))− 1((1)(−1)− (1)(2)) + 1((1)(1) − (−1)(2))

= 1(1− 1)− 1(−1− 2) + 1(1 + 2)

= 1(0)− 1(−3) + 1(3)

= 0 + 3 + 3

det(A) = 6

Since det(A) ̸= 0, the inverse A−1 exists.
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Step 2: Calculate the Cofactor Matrix, C

The cofactor Cij is given by Cij = (−1)i+jMij , whereMij is the minor.

C11 = +

∣∣∣∣−1 1
1 −1

∣∣∣∣ = 1− 1 = 0

C12 = −
∣∣∣∣1 1
2 −1

∣∣∣∣ = −(−1− 2) = 3

C13 = +

∣∣∣∣1 −1
2 1

∣∣∣∣ = 1− (−2) = 3

C21 = −
∣∣∣∣1 1
1 −1

∣∣∣∣ = −(−1− 1) = 2

C22 = +

∣∣∣∣1 1
2 −1

∣∣∣∣ = −1− 2 = −3

C23 = −
∣∣∣∣1 1
2 1

∣∣∣∣ = −(1− 2) = 1

C31 = +

∣∣∣∣ 1 1
−1 1

∣∣∣∣ = 1− (−1) = 2

C32 = −
∣∣∣∣1 1
1 1

∣∣∣∣ = −(1− 1) = 0

C33 = +

∣∣∣∣1 1
1 −1

∣∣∣∣ = −1− 1 = −2

The cofactor matrix C is:

C =

0 3 3
2 −3 1
2 0 −2


Step 3: Calculate the Adjoint Matrix, adj(A)

The adjoint is the transpose of the cofactor matrix: adj(A) = CT .

adj(A) =

0 2 2
3 −3 0
3 1 −2


Step 4: Calculate the Inverse Matrix, A−1

A−1 =
1

det(A)adj(A) =
1

6

0 2 2
3 −3 0
3 1 −2


A−1 =

 0 2/6 2/6
3/6 −3/6 0
3/6 1/6 −2/6

 =

 0 1/3 1/3
1/2 −1/2 0
1/2 1/6 −1/3


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Final Answer: The inverse of the coefficient matrix is:

A−1 =

 0 1/3 1/3
1/2 −1/2 0
1/2 1/6 −1/3



Solution to Part-B, Question 1

1. a. If u = ax2 + by2 + cz2 + 2fyz + 2gzx+ 2hxy and Σ∂2u
∂x2 = 0, then show

that a+ b+ c = 0 (15 Marks)
The function is given by u = ax2 + by2 + cz2 + 2fyz + 2gzx + 2hxy. The notation Σ∂2u

∂x2

represents the sum of the second partial derivatives with respect to x, y, and z:

Σ
∂2u

∂x2
=

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

Step 1: Calculate the first partial derivatives

∂u

∂x
=

∂

∂x
(ax2 + by2 + cz2 + 2fyz + 2gzx+ 2hxy)

= 2ax+ 2gz + 2hy

∂u

∂y
=

∂

∂y
(ax2 + by2 + cz2 + 2fyz + 2gzx+ 2hxy)

= 2by + 2fz + 2hx

∂u

∂z
=

∂

∂z
(ax2 + by2 + cz2 + 2fyz + 2gzx+ 2hxy)

= 2cz + 2fy + 2gx

Step 2: Calculate the second partial derivatives

∂2u

∂x2
=

∂

∂x

(
∂u

∂x

)
=

∂

∂x
(2ax+ 2gz + 2hy) = 2a

∂2u

∂y2
=

∂

∂y

(
∂u

∂y

)
=

∂

∂y
(2by + 2fz + 2hx) = 2b

∂2u

∂z2
=

∂

∂z

(
∂u

∂z

)
=

∂

∂z
(2cz + 2fy + 2gx) = 2c
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Step 3: Apply the given condition

We are given the condition Σ∂2u
∂x2 = 0.

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
= 0

Substituting the calculated values:

2a+ 2b+ 2c = 0

Dividing the entire equation by 2:

a+ b+ c = 0

Hence, shown.

1. b. Discuss forwhich values of x of the function f(x) = 5x6−18x5+
15x3 − 10 are maximum and minimum (15 Marks)
The function is f(x) = 5x6 − 18x5 + 15x3 − 10. To find local maximum and minimum
values, we first find the critical points by setting the first derivative equal to zero.

Step 1: Find the first derivative, f ′(x)

f ′(x) =
d

dx
(5x6 − 18x5 + 15x3 − 10)

f ′(x) = 30x5 − 90x4 + 45x2

Step 2: Find the critical points (f ′(x) = 0)

30x5 − 90x4 + 45x2 = 0

Factor out the common term 15x2:

15x2(2x3 − 6x2 + 3) = 0

This gives two possibilities:

1. 15x2 = 0 =⇒ x = 0

2. 2x3 − 6x2 + 3 = 0

The cubic equation 2x3 − 6x2 +3 = 0 is difficult to solve analytically. We assume for
the purpose of this exam problem that we must look for integer/rational roots or that
the problem expects the answer in terms of the factors. Since no simple integer roots
exist (by Rational Root Theorem), we proceed to the Second Derivative Test with the
solvable critical point, x = 0, and state the other roots as α, β, γ (approximate values
are x ≈ 0.73, 0.88, 2.39).
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Step 3: Find the second derivative, f ′′(x)

f ′′(x) =
d

dx
(30x5 − 90x4 + 45x2)

f ′′(x) = 150x4 − 360x3 + 90x

Step 4: Apply the Second Derivative Test at x = 0

Substitute x = 0 into f ′′(x):
f ′′(0) = 150(0)4 − 360(0)3 + 90(0) = 0

Since f ′′(0) = 0, the Second Derivative Test is inconclusive at x = 0. We must use the
First Derivative Test.

Step 5: Apply the First Derivative Test at x = 0

We look at the sign of f ′(x) = 15x2(2x3−6x2+3) around x = 0. Note that for x near 0, the
term 15x2 is always positive. The sign of f ′(x) is determined by the term (2x3− 6x2+3).

• If x = −0.1: 2(−0.1)3 − 6(−0.1)2 + 3 = −0.002− 0.06 + 3 > 0. Thus, f ′(−0.1) > 0.

• If x = 0.1: 2(0.1)3 − 6(0.1)2 + 3 = 0.002− 0.06 + 3 > 0. Thus, f ′(0.1) > 0.
Since f ′(x) does not change sign around x = 0, the function has a **point of inflection**
at x = 0, not a local maximum or minimum.

Step 6: Discuss the roots of 2x3 − 6x2 + 3 = 0

Let g(x) = 2x3 − 6x2 + 3. The roots of g(x) = 0 are the other critical points. Let α, β, γ be
the three real roots (since g′(x) = 6x2 − 12x = 6x(x− 2), giving a local max at x = 0 and
local min at x = 2 for g(x)).

• α ≈ 0.73 (root between 0 and 1)

• β ≈ 0.88 (root between 0 and 1)

• γ ≈ 2.39 (root between 2 and 3)
Applying the Second Derivative Test for these roots (assuming f ′′(x) is non-zero at

these points):
f ′′(x) = 150x4 − 360x3 + 90x = 30x(5x3 − 12x2 + 3)

If f ′′(root) > 0, it is a Local Minimum. If f ′′(root) < 0, it is a Local Maximum.
The function has:
• Local Maximu at x = α and x = γ.

• Local Minimum at x = β.
(Note: Without access to numerical tools, the expected answer is to state the condition
and the critical points where the maximum/minimum occur, which are the roots of
2x3 − 6x2 + 3 = 0.)
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Solution to Part-B, Question 2

2. a. Show that the series, log(1 + x)1+x = x + 1
2x

2 − x3

6 + · · · · ... (15
Marks)
First, use the property of logarithms log(AB) = B log(A):

log(1 + x)1+x = (1 + x) log(1 + x)

Next, we use the known Maclaurin series expansion for log(1 + x):

log(1 + x) = x− x2

2
+

x3

3
− x4

4
+ · · ·

Substitute this expansion into the expression:

(1 + x) log(1 + x) = (1 + x)

(
x− x2

2
+

x3

3
− x4

4
+ · · ·

)
Now, multiply the terms:

(1 + x) log(1 + x) = 1 ·
(
x− x2

2
+

x3

3
− x4

4
+ · · ·

)
+ x ·

(
x− x2

2
+

x3

3
− x4

4
+ · · ·

)
=

(
x− 1

2
x2 +

1

3
x3 − 1

4
x4 + · · ·

)
+

(
x2 − 1

2
x3 +

1

3
x4 − 1

4
x5 + · · ·

)
Finally, group the terms by the power of x:

• Coefficient of x: 1

• Coefficient of x2: −1
2
+ 1 = 1

2

• Coefficient of x3: 1
3
− 1

2
= 2−3

6
= −1

6

• Coefficient of x4: −1
4
+ 1

3
= −3+4

12
= 1

12
(not required by the prompt)

Thus, the series expansion is:

log(1 + x)1+x = x+
1

2
x2 − 1

6
x3 + · · ·

Hence, shown.
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2. b. Compute the value of p of the Mean Value Theorem f(b) −
f(a) = (b− a)f ′(p) if f(x) = x2, where a = 1, b = 2 (05 Marks)
The Mean Value Theorem states that for a function f(x) continuous on [a, b] and dif-
ferentiable on (a, b), there exists at least one value p ∈ (a, b) such that:

f(b)− f(a) = (b− a)f ′(p)

Given f(x) = x2, a = 1, and b = 2.

Step 1: Calculate f(a) and f(b)

f(a) = f(1) = 12 = 1

f(b) = f(2) = 22 = 4

Step 2: Calculate the first derivative f ′(x)

f ′(x) =
d

dx
(x2) = 2x

Therefore, f ′(p) = 2p.

Step 3: Substitute the values into the Mean Value Theorem equation

4− 1 = (2− 1)f ′(p)

3 = (1)(2p)

Step 4: Solve for p

3 = 2p

p =
3

2
= 1.5

Since p = 1.5 lies in the interval (1, 2), the value is valid. The value of p is 3
2
.

2. c. Extend the function f(x) = lnx in x by using Taylor series in
the power of (x− 1) (13 Marks)
The Taylor series expansion of f(x) about the point a (in powers of (x− a)) is given by:

f(x) = f(a) + (x− a)f ′(a) +
(x− a)2

2!
f ′′(a) +

(x− a)3

3!
f ′′′(a) + · · ·

We use the function f(x) = lnx and the expansion is centered at a = 1.
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Step 1: Calculate the function and its derivatives at a = 1

f(x) = lnx =⇒ f(1) = ln(1) = 0

f ′(x) =
1

x
=⇒ f ′(1) =

1

1
= 1

f ′′(x) = − 1

x2
=⇒ f ′′(1) = − 1

12
= −1

f ′′′(x) =
2

x3
=⇒ f ′′′(1) =

2

13
= 2

f (4)(x) = − 6

x4
=⇒ f (4)(1) = − 6

14
= −6

In general, for n ≥ 1: f (n)(1) = (−1)n−1(n− 1)!

Step 2: Substitute the values into the Taylor series formula

lnx = f(1) + (x− 1)f ′(1) +
(x− 1)2

2!
f ′′(1) +

(x− 1)3

3!
f ′′′(1) +

(x− 1)4

4!
f (4)(1) + · · ·

lnx = 0 + (x− 1)(1) +
(x− 1)2

2!
(−1) +

(x− 1)3

3!
(2) +

(x− 1)4

4!
(−6) + · · ·

Step 3: Simplify the expression

lnx = (x− 1)− 1

2
(x− 1)2 +

2

6
(x− 1)3 − 6

24
(x− 1)4 + · · ·

The Taylor series extension of f(x) = lnx in powers of (x− 1) is:

lnx = (x− 1)− 1

2
(x− 1)2 +

1

3
(x− 1)3 − 1

4
(x− 1)4 + · · ·

Solution to Part-B, Question 3

3. a. Compute the differential co-efficient of xy = yx (07 Marks)
The equation is given implicitly as xy = yx. To find the differential coefficient ( dy

dx
), we

first take the natural logarithm of both sides:

ln(xy) = ln(yx)

Using the logarithm property ln(AB) = B ln(A):

y lnx = x ln y

Now, we differentiate both sides with respect to x using the product rule: d
dx
(uv) =

u′v + uv′.
d

dx
(y lnx) =

d

dx
(x ln y)
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(
dy

dx
· lnx+ y · 1

x

)
=

(
1 · ln y + x · 1

y

dy

dx

)
dy

dx
lnx+

y

x
= ln y +

x

y

dy

dx

Group the terms containing dy
dx
on the left side:

dy

dx
lnx− x

y

dy

dx
= ln y − y

x

Factor out dy
dx
:

dy

dx

(
lnx− x

y

)
= ln y − y

x

Simplify the terms in the parentheses and on the right side using a common denomi-
nator:

dy

dx

(
y lnx− x

y

)
=

x ln y − y

x

Finally, solve for dy
dx
:

dy

dx
=

y

x

(
x ln y − y

y lnx− x

)

3. b. Show that, y2 −m2y = 0 where y = Aemx +Be−mx (08 Marks)
The function is given by y = Aemx + Be−mx, where A and B are constants. We need to
find the first and second derivatives, y1 and y2.

Step 1: Find the first derivative, y1

y1 =
dy

dx
=

d

dx
(Aemx +Be−mx)

y1 = A(memx) + B(−me−mx)

y1 = m(Aemx − Be−mx)

Step 2: Find the second derivative, y2

y2 =
d

dx
(y1) =

d

dx

(
m(Aemx − Be−mx)

)
y2 = m

(
A(memx)− B(−me−mx)

)
y2 = m

(
m(Aemx +Be−mx)

)
y2 = m2(Aemx +Be−mx)
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Step 3: Substitute y into the expression for y2

Since y = Aemx +Be−mx, we can write:

y2 = m2y

Step 4: Rearrange to show the required result

y2 −m2y = 0

Hence, shown.

3. c. If y = tan−1 x, then observe that - (15 Marks)
1. (1 + x2)y1 = 1

2. (1 + x2)yn+1 + 2nxyn + n(n− 1)yn−1 = 0

Part (i): Show (1 + x2)y1 = 1

Given y = tan−1 x. The first derivative is:

y1 =
dy

dx
=

1

1 + x2

Multiply both sides by (1 + x2):

(1 + x2)y1 = (1 + x2) · 1

1 + x2

(1 + x2)y1 = 1

Hence, shown.

Part (ii): Show (1 + x2)yn+1 + 2nxyn + n(n− 1)yn−1 = 0

Start from the result of Part (i):
(1 + x2)y1 = 1

Differentiate both sides with respect to x for the n-th time, using **Leibniz’s Theo-
rem** for the n-th derivative of a product, dn

dxn (uv). Here, let u = 1 + x2 and v = y1. The
right side dn

dxn (1) = 0.
Leibniz’s formula for dn

dxn ((1 + x2)y1) is:

dn

dxn
(uv) = uyn+1 + nu′yn +

n(n− 1)

2!
u′′yn−1 + · · ·

where yn = dn

dxn (y1).
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Calculate the derivatives of u = 1 + x2:

u = 1 + x2

u′ =
d

dx
(1 + x2) = 2x

u′′ =
d

dx
(2x) = 2

u′′′ = 0 (All higher derivatives are zero)

Substitute these into Leibniz’s formula:

dn

dxn
((1 + x2)y1) = (1 + x2)yn+1 + n(2x)yn +

n(n− 1)

2!
(2)yn−1 + 0

Since dn

dxn (1) = 0, we have:

(1 + x2)yn+1 + 2nxyn +
n(n− 1)

2
· 2yn−1 = 0

(1 + x2)yn+1 + 2nxyn + n(n− 1)yn−1 = 0

Hence, observed (shown).
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