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Lecture 14: Game Theory
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Game Theory

* Consider the following examples:
— parlor games,
— military battles,
— political campaigns,
— advertising and marketing campaigns by competing business
firms.

* A basic feature in many of these situations is that the
final outcome depends primarily upon the combination of
strategies selected by the adversaries.

* Game theory is a mathematical theory that deals with the
general features of competitive situations like these in a
formal, abstract way.
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Game Theory

* Our focus in this lecture is on the simplest case, called
two-person, zero-sum games.

* These games involve only two adversaries or players
(who may be armies, teams, firms, and so on).

* They are called zero-sum games because one player
wins whatever the other one loses, so that the sum of
their net winnings is zero.
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The Formulation of Two-person,
Zero-sum Games

* Consider the game called odds and evens. This game
consists simply of each player simultaneously showing
either one finger or two fingers. If the number of fingers
matches, so that the total number for both players is
even, then the player taking evens (say, player 1) wins
the bet (say, $1) from the player taking odds (player 2). If
the number does not match, player 1 pays $1 to player
2. Thus, each player has two strategies: to show either
one finger or two fingers.
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The Formulation of Two-person,

The Formulation of Two-person,i
Zero-sum Games

Zero-sum Games

In general, a two-person game is characterized by . Before the game begins, each player knows the
1. The strategies of player 1 strategies she or he has available, the ones the
2. The strategies of player 2 opponent has available, and the payoff table.
3. The payoff table

* The actual play of the game consists of each player
simultaneously choosing a strategy without knowing the

Payoff table for the odds and evens game , A
opponent’s choice.

Player 2

Strategy 1 2

1
Player 1 5
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Strategy The payoff table

* A strategy may involve only a simple action, such as
showing a certain number of fingers in the odds and
evens game.

* The payoff table shows the gain (positive or
negative) for player 1 that would result from each
combination of strategies for the two players.

* On the other hand, in more complicated games involving
a series of moves, a strategy is a predetermined rule
that specifies completely how one intends to respond
to each possible circumstance at each stage of the
game. * The entries in the payoff table may be in any units

desired, such as dollars, provided that they accurately

represent the utility to player 1 of the corresponding
outcome.

* Itis given only for player 1 because the table for player 2
is just the negative of this one, due to the zero-sum
nature of the game.

* For example, a strategy for one side in chess would
indicate how to make the next move for every possible
position on the board, so the total number of possible
strategies would be astronomical.
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Assumptions

e A primary objective of game theory is the development of
rational criteria for selecting a strategy.

* Two key assumptions are made:
1. Both players are rational.

2. Both players choose their strategies solely to promote
their own welfare (no compassion for the opponent).
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Game Theory vs. Decision Analysis

* Game theory contrasts with decision analysis, where the
assumption is that the decision maker is playing a game
with a passive opponent—nature—which chooses its
strategies in some random fashion.
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A Prototype Example

* Two politicians are running against each other for the U.S. Senate.
Campaign plans must now be made for the final 2 days, which are
expected to be crucial because of the closeness of the race.
Therefore, both politicians want to spend these days campaigning in
two key cities, Bigtown and Megalopolis. To avoid wasting campaign
time, they plan to travel at night and spend either 1 full day in each
city or 2 full days in just one of the cities. However, since the
necessary arrangements must be made in advance, neither
politician will learn his (or her) opponent’s campaign schedule until
after he has finalized his own. Therefore, each politician has asked
his campaign manager in each of these cities to assess what the
impact would be (in terms of votes won or lost) from the various
possible combinations of days spent there by himself and by his
opponent. He then wishes to use this information to choose his best
strategy on how to use these 2 days.
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Formulation as a Two-Person, Zeraog
Sum Game

* Each player has the following strategies:

Strategy 1 = spend 1 day in each city.
Strategy 2 = spend both days in Bigtown.
Strategy 3 = spend both days in Megalopolis.

* Payoff table:

Total Net Votes Won
by Politiclan 1
(in Units of 1,000 Votes)

Palitician 2
Strategy 1 2 3

1
FPaliican 1 2
3
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Variation 1 of the Example

* Given that table below is the payoff table for player 1
(politician 1), which strategy should each player select?

Player 2
Strategy 1 2 3
1 1 2 4
Player 1 2 1 0 5
3 o 1 1

* This situation is a rather special one, where the answer
can be obtained just by applying the concept of
dominated strategies to rule out a succession of
inferior strategies until only one choice remains.
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Dominated Strategies

* A strategy is dominated by a second strategy if the
second strategy is always at least as good (and
sometimes better) regardless of what the opponent
does. A dominated strategy can be eliminated
immediately from further consideration.

Player 2
Strategy 1 z 3
1 1 2 4
Flayer 1 2 1 o 5
3 o 1 1

* At the outset, the table includes no dominated strategies
for player 2.
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Dominated Strategies

* For player 1, strategy 3 is dominated by strategy 1
because the latter has larger payoffs (1>0,2> 1, 4 > -1)
regardless of what player 2 does.

* Eliminating strategy 3 from further consideration yields the
following reduced payoff table:

1 2 3
1 1 2 4
2 1 1] 5

* Because both players are assumed to be rational, player
2 also can deduce that player 1 has only these two
strategies remaining under consideration.
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Dominated Strategies

ta
o
ha

* Consequently, both players should select their strategy
1.

* Player 1 then will receive a payoff of 1 from player 2 (that
is, politician 1 will gain 1,000 votes from politician 2).

* In general, the payoff to player 1 when both players play
optimally is referred to as the value of the game.

* A game that has a value of 0 is said to be a fair
game.
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Variation 2 of the Example The minimax criterion

* Interms of the payoff table, it implies that player 1 should select the straté
whose minimum payoff is largest, whereas player 2 should choose the one
whose maximum payoff to player 1 is the smallest.

Player 2 Player 2
strategy 1 2 3 Strateqgy | 1 l‘ L Minlmum
— H a H P v——
1 -3 -2 6 3 5 -2 —4 4
Player 1 2 2 0 2 - H £
3 5 -2 —4 Minkmas vahie

* Notice the interesting fact that the same entry in this payoff table yields both
the maximin and minimax values.

* The position of any such entry is called a saddle point.

¢ Since this is a stable solution (also called an equilibrium solution),
players 1 and 2 should exclusively use their maximin and minimax
strategies, respectively.
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Variation 3 of the Example Variation 3 of the Example

Player 2

_Rrateay ! 2 2 e The originally suggested solution (player 1 to play
1 L] 2 2

. g > : strategy 1 and player 2 to play strategy 3) is an unstable
solution, so it is necessary to develop a more
satisfactory solution.

| Payer 2 * An essential feature of a rational plan for playing a game

Strategy | 1 2 3 Minkrusm such as this one is that neither player should be able
s 2 x 2 2 1 Mo vt to deduce which strategy the other will use.

' _: 4 ! * It is necessary to choose among alternative acceptable

strategies on some kind of random basis.

Minimax value

Notice that the maximin value (-2) and the minimax value (2) do not
coincide in this case. The result is that there is no saddle point.
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Games with Mixed Strategies

* Whenever a game does not possess a saddle point,
game theory advises each player to assign a probability
distribution over her set of strategies.

These plans (Xy, Xp, - - ., X)) and (yYq, Yo, . . ., Y,) are
usually referred to as mixed strategies, and the original
strategies are then called pure strategies.
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Games with Mixed Strategies

Player 2
Strateqy 1 2 3
1 0 =2 2
Player 1 2 5 4 3
3 2 3 -4
Maximumm: 5 4 2z

b —

(x1, X2, X3) = (%,_ 0) (15 ¥2, y3) = (0. 1
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Games with Mixed Strategies

e Although no completely satisfactory measure of
performance is available for evaluating mixed strategies,
a very useful one is the expected payoff.

* By applying the probability theory definition of expected
value, this quantity is

m a
Expected payoff for player 1 = > > pxy;.
i=] j=1

* where p; is the payoff if player 1 uses pure strategy i and
player 2 uses pure strategy j.
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Games with Mixed Strategies

In this context, the minimax criterion says that a given
player should select the mixed strategy that
minimizes the maximum expected loss to himself.

Equivalently, when we focus on payoffs (player 1) rather
than losses (player 2), this criterion says to maximin
instead, i.e., maximize the minimum expected payoff to
the player.

Player 1: the one that provides the guarantee (minimum
expected payoff) that is best (maximal).

* Player 2: the one that provides the best guarantee,
where best now means minimal and guarantee refers to
the maximum expected loss.
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Games with Mixed Strategies

* Player 1: The value of this best guarantee is the maximin
value, denoted byv .

* Player 2: This best guarantee is the minimax value,
denoted by v

* For games with mixed strategies, it is necessary that

V=V
for the optimal solution to be stable.
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Games with Mixed Strategies

Minimax theorem: If mixed strategies are allowed, the pair of mixed strategies
that is optimal according to the minimax criterion provides a stable solution with
v == (the value of the game), so that neither player can do better by uni-
laterally changing her or his strategy.
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Graphical Solution Procedure

e Graphical procedure may be used whenever one off
players has only two (undominated) pure strategies.

Player 2
Probabllity n " "
Pure
Probability Strategy 1 2 3
e 1 , 1 0 2 2
Playe 1=x 2 5 4 3

* For each of the pure strategies available to player 2, the
expected payoff for player 1 will be

(. ¥a ¥9) Expected Payoff

(1, 0,0) Oxy + 51 = x) = § = 5,
(0,1, 0 26, + 41 = x) = 4 = 1y
(0,0,1) 26 = H1 = ;)= =3+ 5ny
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Graphical Solution Procedure

N b 1 Expeited Papaf i
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Graphical Solution Procedure Graphical Solution Procedure

.,
YiS=Sa)+yid —expp +yi=3+5)=V=v= I_-I

e For any given values of x, and (yy, Y., ¥3), the expected
payoff will be the appropriate weighted average of the
corresponding points on these three lines.

for all values of xy (0 = x; = 1). Furthermore, when player | is playing optimally (that
is, X = ), this incquality will be an cquality (by the minimax theorem), so that

w, 2 2 2
= +—=vt+=ypi=v="
TR TECRINTES 1

Expected payoff for player 1 = yi(5 — 5xy) + ya(d — 6x1) + ¥3(—3 + 5xy).

Because (¥y. ¥». ¥3) is a probability distribution. it is also known that

v=v= max [min{—3+ 5x;, 4 — 6x;}].

=x=

Therefore, ¥§ = 0 because v} = 0 would violate the next-to-last equation: i.e.. the ex-

{17 2 pected payoll on the graph atxy =} would be above the maximin point. (In general, any

3+ 3[ m ] T line that does not pass through the maximin point must be given a zero weight to avoid
inereasing the expeeted payofT above this point.)

which yields x; = ﬁ Thus. (xy. xz) = lﬁ ﬁ; is the eprimal mived strategy for player 1, and
y=v

is the value of the game.
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Graphical Solution Procedure Graphical Solution Procedure

= ﬁ for0=x =1, * If, in another problem, there should happen to be more
¥i 4 = 6x) + ¥ (=3 4 5x)) 5 . than two lines passing through the maximin point, so that
I =T forx =47 more than two of the y;* values can be greater than zero,
this condition would imply that there are many ties for the
5 optimal mixed strategy for player 2.

4yE — 3yE = — . e .
T -2 11 * One such strategy can then be identified by setting all
oy 4yt — 2 but two of these y;* values equal to zero and solving for

YRS T the remaining two in the manner just described.
which has a simultaneous solution of and ¥% = {7, Therefore, the oprimal mived

strategy Tor player 215 (yy, ¥2, y3) = (0,
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LP Formulation

Minimax theorem: If mixed strategies are allowed, the pair of mixed strategies
that is optimal according to the minimax criterion provides a stable solution with
V== (the value of the game}, so that neither player can do better by uni-
laterally changing her or his strategy.

Expected payoff for player 1 = ’\_1 ‘\_i Py
i=1j=

and the strategy (xy, X2, . . . . Xp) is optimal if

m
E E Py =y =v
i=14=1

for all opposing strategies (y;, ya, . . .

) yn)
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LP Formulation

m n
> pyxy, =y =v

i—1j—1

m

zp,j.\,-zv forj=1,2,....n,

i=1

Maximize Kyt Is
subject 1o
puxy + pay + oo
Piaxy T p

Pinty F Pagts + o

and

x=0, fori=1.2,....m
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LP Formulation

Minimize Vat1s
subject to
puyt +pory: + o+ pia¥e = Yar1 =0
Puy1 T Pn =t Po¥e — Va1 =0

PmY1 T PaY2 T 0 F P — Y1 =0
ity ety =1

and
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Player 2
Probability " ¥z
Pure
Probability Strategy 1 2 3
- x 1 o 2 2
Player | ol 3 g : -
Maximize K 1r Maximize X3,
subject to subject to
Pty + Pas + 0+ PriXm = Xuiy 2 Sxa — a3 =0
Py Pt ot Pk 20 F 4y — =0
2xy 3xa X =0
X X =]
and and
=0, fori=1.2.....m. X =0, X2 =0,
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Example

Assignment
Player 2
Probability " ¥ "
e * Problems 14.1-2, 14.1-3, 14.2-6, 14.2-7, 14.3-1, 14.4-4.
Probability Strategy 1 2 2
" 1 ) 2 2
Phayer:T T—n 2 5 4 -3
Minimize |
Minimize V.
subject 1o )
P+ puays + - subject 1o
P —ntn =0
Pt 5wy + I-w=0
nt+t nt ¥ =1
and and
v =0, forj=1 L v =0 y2=0 vy =0,
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